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The group was obtained by apply Kronecker product on the demonstration of the quaternion group
is a finite group with 32 order. The elements of this group are 4 x 4 matrices and the group is a
non-abelian. In the first results, it's presented that the group was a solvable group. In this paper,
other properties will be presented and will also be given a presentation of the group. This property is
associated with a series normal subgroup and the cyclic subgroup. It’'s shown that the presentation

of group have 4 generators and 5 relations.
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1. INTRODUCTION

We review group G’ in Ref. [1]. The group has 32 ele-
ments, where elements are 4 x 4 matrices. Among the
73 proper subgroups, 19 subgroups with 2 orders, 15 sub-
groups with 4 orders, 34 subgroups with 8 orders, and
4 subgroups with 16 orders. In addition, there are 25 cyclic
subgroups; 19 subgroups with 2 orders and 6 subgroups
with 4 orders.

That group has 32 conjugation classes and every ele-
ment is a conjugation class. Thus, K, = {A;} den-
gan i =1,2,...,32. Elements of G that commute with
every element A, = I, (identity matrix with 4 orders) and
A, =—A,, so we have central of G or Z(G) = {A,, A,}.

The paper is organised as follows. In Section 2, we list
properties of group G. In Ref. [1], it has been explained
that group G has solvable and this section other properties
are given. These properties use series normal subgroup and
cyclic subgroup. In Section 3 we explain about presenta-
tion group of G.

2. PROPERTIES OF GROUP G

It has been stated that there are 25 cyclic subgroups of G.
All factor groups that occur from cyclic subgroups are not
cyclic. This proves that the group G is not metacyclic.”

“Let x is element of group G, then conjugation class of x, denoted by
K, is set of elements of G that conjugate with x. (Element x and y of
G are said conjugate if there is g of G such that gxg~' =) [2].

PTf there is a normal subgroup cyclic M of group G and factor group
G/M is cyclic too, so we called G is metacyclic [3].
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Since all subgroups of G are normal, there are many
series normal subgroups in this group. However, there is
no cyclic factor group from these series. This proves that
this group is not supersolvable® and not polycyclic.?

It’'s known that Z(G) = {A,,A,}, then defined
Z,(G) = Z(G) and Z,,(G) = [Z,(G),G], where
[Z.(G), G] = {[A, B]|A € Z,(G), B € G}. Consider that
Z,(G) = Z(G) = {A, Ay}, Z4,(G) = [Z£,(G),G] =
{A1, A}, Z5(G) = [2,(G), Gl = {A, Ay}, ..., Z,(G) =
[Z,_,(G),G] = {A,, A,}. Tt’s shown that there are no
integers n such that Z, ,(G) = {A,}, so this group is not
nilpotent.*

3. PRESENTATION OF G

Group presentations are a way of defining groups using
generators and relations. These generators and relations are
related to the elements in the group. If P be a presentation
of group G, then each element in G can be presented with
one of the generator and relation in the presentation [6].
Generators and relations in this presentation are related

‘Let H;,i =0,1,...,k are subgroup normal in group G, if there is a
series normal subgroup {e} =H,C H, CH,C---CH, =G, and H,,,/H,
is cyclic, then G is supersolvable [2].

‘Let H,,i=0,1,...,k are subgroup normal in group G, if there is a
series normal subgroup {e} = Hy C H  C H, C --- C H, = G where for
each 0 <i <k, H;is normal in H, |, and H,,,/H, is cyclic for each i > 0,
then G is polycyclic [5].

A group G is nilpotent if there is a integer n such that
Z,.,(G) = {e} [6l.
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to a term called “word.” Therefore, first, the definition of
word is given.

Let X = {x,,x,,...,x,} be a set of distinct elements
and X' ={x,7", x,7",...,x,7'} be a set of elements,
distinct from each other and from the element of X.
Define X*' = XUX~'. A word W is finite string with
form x7'x3* ... x;"x%, n >0, x;,€ X and g, = £1, i =
1,2, ..., n. We can also be called a word is string of alpha-
bet from X*!. A word W that are n-tuples are supposed
to have length n, symbolized by |W| = n. If the word has
length 0, or |W| =0, will be symbolized by 1 and the word
is called empty word.
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Let W = x'x5*...x,"x%. Invers of W, denoted by
W1, and defined W' = x, ®x, 7' ox, Px O IE W, =
x;...xjn and W, = x| ...x5, are word in X*', then

WiW, = xj.oxpnxil . oxn IEs clear that [W| = [W™|
and [W, W, | = [W,[+[W,].

ExampPLE 3.1. Let X = {a,b,c}. We have X! =
{1/a,1/b,1/c} and X*' = {a, b, ¢, 1/a,1/b, 1/c}. Some
word in X*! are

W, =c 'aabc™'cb
W, = ¢ 'aabc

W, = ¢ 'aabbc™

'Group G = {4, = [ayl|i,j = 1,234,k = 1,2,..,32 } where
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Consider that |W,| =8, |W,| =5, and |W;| = 6. Word of
form x;x,~" or x;7'x; forany i =1, 2, ..., n named inverse
pairs. A word is assumed to be reduced if it holds no
inverse pair sub-word. W, is not reduced word because it
contain c¢~'c but W, and W, is reduced word.

Next, it’s defined new symbol, (X*!)*, that is the set
of words. It’s defined function from (X*!)* x (X)* to
(X*!)* by writing the words that are to be multiplied. We
have to introduce an equivalence relation in (X*!)*, to
obtain a group from (X*!)*,

Two word are said to be equivalent if one of the words
that can be attained from the former by a finite succession
of insertion and deletion of expressions x;x,”' or x,”'x,
within the word; x; € X. It will be convenient to refer to
the pair x;x;,~" or x;”'x; together; therefore when x; = x,”!
is in X', defined x;' = (x,”')~" = x;. This is confirmed
in the following definition:

DEFINITION 3.1 [7]. Two words V and W are equiva-
lent if one of the word can be achieved from the other
by finite a finite succession of insertion and deletion of
expressions of the form x;"x; /, x; € X, &; = +1. If V and
W equivalent, then symbolized by V ~ W.

Clear that relation “~” in Definition 3.1 is equivalence
relation in (X*!)*. Let [W] is equivalence class of word
W, then set of equvalence classes {{W]; W € (X*!)*} with
binary operation [V][W]=[VW] for every V, W € (X*)*
thereby becomes a group. This group is called free group
on X, and symbolyzed by F(X). The identity element of
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F(X) is empty word and inverse of [W] is [W~!], written
[W]~! = [W™1], for every W € (X*!)*. We have the next
theorem.

THEOREM 3.1 [7]. Let X be a set and (X*')* is set of
words built from X' = X UX™!, then product operation
definition (X*')* descent in a well-defined fashion to the
set F(X) of equivalence classes of member of (X=')*, and
F(X) thereby becomes a group.

Suppose that G is a group. If on G is defined a set X as
in Theorem 3.1 and there is one or some words in (X*')*
which is the same as an empty word called a relator set
and symbolized by R (R is a set of words on (X=')* which
is the same as an empty word), then the system (X | R)
is referred to a presentation of G, and usually written by
P = (X | R), where X is set of generators and R is set of
relations.

In this paper the process of determining the generator
and relator for the group G is based on the characteris-
tics of the elements in G. Noted that based on the Cayley
table’™ of G, it’s found that there are several types of ele-
ments in G, that is:

The element that a* = e: A;, Ay, As, Ag, A, Ag Ay,
Ay, Ay, Ay, Ass, Ay, Based on these types of element,
it’s concluded that there are some elements with a’> =
a* = e will represent several elements, so that the element
with this type is one of the generators of this presenta-
tion. Noted that, if the first assumption is taken that the
generator of this presentation is two, then this assumption

" Cayley table of ¢

% | AL [ A2 |A3 | A8 [ A5 [ A6 | A7 | A8 | AS | AID | AL | AdZ | ALS | Al4 | AZS | A6 | AL7 | AlS | A19 | AZD | AZL | AZZ | A3 | A2% | AZS | AZ6 | AZ7 | A28 | AZS | A0 | A31 | A3z
AL | AL | A2 | A3 | A8 |AS | A | AT | A | A3 | AID | AlL | ALz | ALS | Al4 | AIS | Als | AL7 | AlS | A1 | A0 | AZL | A2Z | AZ3 | A2% | AZS | A6 | A27 | A2E | AZ9 | ASD | A3 | A3z
a2z [Bz |AL | a8 | A3 | A8 | A5 | A8 | A7 | A0 | A5 | ALz | AlL | Als | A3 | A6 | AIS | A8 | Al7 | A2D | AlS | AZz | A2L | AZ% | AZ | AZs | A5 | Az8 | A27 | A30 | AZs | A3z | A3
a3 [B3 [ M &2 | AL |A7 | A8 |86 | A5 | ALl | AlZ | A0 | A3 | A5 | Als | Al | Ai3 | A8 B8 | A17 | AZ3 | A28 | AZZ | AZL | AZ7 | A2E | A26 | AZS | A31 | A3z | A0 | AZS
s [Ba A3 | AL | Az |As | A7 | A5 | A8 | ALZ | AlL | A3 | AlD | Als | AlS | ALS | Ala | AZ0 | A15 | Al7 | AlB | A28 | A23 | AZL | AZZ | AZS | AZ7 | A25 | A26 | A3z | A31 | A2 | A3
a5 |85 | a6 |48 | A7 | Az | A | A3 | At | A3 | Ate | Al |Als | A0 | A | A1l | A1z | A1 | AZz | A24 | A23 | A26 | AL7 | A3 | A2D | A3 | A3D | A3z | A3n | Azs | Azs | A2 | Az
a5 |86 | A5 | A7 | AB | AL | A2 | A% | Az | Als | AI3 | AIS | Al6 | A3 | A0 | ALz | AlL | Az | AZL | A23 | A2Z4 | AL7 | Al | AZD | AL | AD | A28 | A31 | A3z | AZS | AZs | AZE | AZ7
a7 &7 |28 |25 | A6 | A2 | A3 | A2 | A | AlS | Als | A3 | A2 | ALz | AL | AW | A5 | AZ | AZs | A2L | AZz | A2D | AIS | AR | AL7 | A1 | A3z | A29 | 30 | AZE | AZ7 | AZE | A
a8 [B8 | A7 | A6 | A5 | A3 | A | Al | Az | AlS | AIS | A3 | A3 | ALL | A1Z | A5 | AID | AZ4 | AZS | A2z | AZL | AIS | A20 | AL7 | ALS | A3z | ASL | A30 | A25 | AZ7 | AZE | AZS | AZS
a3 [ B3 | A0 | AlL | ALZ | AL3 | A4 | A5 | Al6 | AZ | AL | A% | A= | A | A5 | AR | A7 | Az | Az6 | A2y | AZB | A28 | A30 | A3L | A3z | AlE | AL7 | A20 | A1S | AZZ | AZ1 | A2t | AZ
210 [AI0 | A5 | Alz | ALl | Al% | AI3 | A6 | A5 | AL | AZ | A2 | A= | A5 | A8 | A7 | A= | Az | AzS | A2B | AZ7 | A30 | A23 | ARZ | ASL | AL7 | AlE | A13 | A20 | AZ1 | AZz | Az | A2t |
a1 [AI1 | A2Z | A0 | A5 | ALS | Ale | Ala | A1 | A4 | A3 | AL | Az | AB | A7 | A5 | A8 | AZ7 | AZE | A6 | A5 | A31 | A3z | A3D | A2S | A20 | A3 | Al7 | AlE | A4 | AZE | AZL | A2
ALZ | Alz | AIL | A5 | AlD | AlE | AIS | AL3 | Al4 | A3 | A | Az | AL | A7 |AE | AE | A5 | Az | AZ7 | A25 | AZ6 | A3z | A31 | AZS | A30 | A3 | A2D | Al8 | A17 | AZ3 | AZe | A2z | A2l
a3 [ A1 | A4 | AlE | ALS | AID | A3 | AlL | A1z | A8 | A5 | A7 | A& | AL | A2 | A% | A3 | Az | A0 | A3z | A31 | AZ6 | AZs | AZ7 | AZE | Az | A2l | AZ3 | A24 | A7 20 | ALm
a14 [ B1a | A13 | AlS | A6 | A3 | A0 | ALz | AL | A5 | A& | A2 | A7 | Az | AL | A3 | A% | A0 | Aze | A31 | A3z | AZS | A2s | AZE | AZ7 | AZL | Azz | A2a | A23 | Az | Al7 | A1 | Az
815 [A15 | Al | A13 | Al2 | ALz | A1 | Al0 | &3 | A2 | A&7 | A5 | A5 | A3 | A4 | A1 | A2 | A31 | A3z | A23 | 430 | A28 | A27 | AZE | AZS | A24 | A23 | A2z | AZi | Ads | Az0 | A17 | AE
Al5 | Al6 | A5 | Ala | ALS | ALL | AIZ | A3 | Al0 | A7 | AB | A5 | A8 | A8 | A3 | AZ | Al | A3 | A31 | A30 | A3 | AZ7 | A28 | AZS | AZ5 | AZS | A28 | A21 | A2Z | AZD | A13 | Al | AL7
a17 |17 | AlE | A3 | A20 | AZL | AZZ | AZ3 | A2% | AZE | AZS | Az | AZ7 | AS0 | A2S | A3z | A3L | Az | AL | B4 | A3 | AE | A5 | AE | A7 | AS | AlD | AlL | A1z | Al3 | Al2 | Al | AlS
a1z [B1B | AL7 | AZ0 | AlS | AZZ | AZL | A28 | AZ3 | AIS | AZ6 | AZ7 | AZE | A | A30 | A1 | A3z | A1 | Az | A3 | A% | A5 | A& | A7 | AB | AlD | A3 | A1z | Ai1 | A% | AL | A3 | ALS
213 [l | A20 | AlE | AL7 | A3 | A28 | A2z | AZL | AZE | AZ7 | A | A26 | A3z | A31 | AZ3 | A0 | A2 | A2 | A1 | Az | AE | A7 | A5 | AR | AL B0 | B | A5 | Als | A12 | A
A20 | a20 | A3 | A7 | Atz | Aze | A23 | A1 | A2z | AZ7 |A2e | Az |A2s |A31 [ A32 |A30 | A2s | A3 | At | A2 |AL | A7 |8 | A5 | A5 | ALz |AL1 | A3 | aw0 | A5 | AlS | Aa3 | A4
a21 | B2 | AZZ | A2a | AR | AlE | AL7 | AlS | AZ0 | ASD | AZ3 | A3L | A3z | A | A2E | AZB | AZ7 | A8 | A5 | A7 | AB | AL | A2 | A% | A3 | ALZ | Ala | Als | Al5 | A0 | A | A1l | ALz
azz | B2z | AZL | AZ3 | A28 | AL7 | AlE | A20 | A3 | AZS | A30 | AS2 | AL | AZs | AZs | AZ7 | A2z | A5 | A8 | BB | A7 | AZ | AL | A3 | A | A2 | AL3 | A15 | Al | A3 | Al | Az | ALl
A | A2 | A28 | AZ1 | Az | AZD | AIS | AlE | AL7 | A2 | A3L | A30 | A23 | AZ7 | A28 | AZS | A28 | AZ | A7 | BE | A5 | A3 | A% | AL | Az | A5 | Als | Al3 | Ax4 | Az | AL | A0 | A8
a24 | A28 | AZ3 | A2z | AZL | ALS | AZD | AL7 | Als | AL | A3Z | AZS | A0 | A2s | AZ7 | AZ5 | AZS | A7 | AE | B5 | A6 | A% | A3 | AZ | AL | Als | AL5 | Ala | A13 | Adl | ALz | A8 | AlD
a2 | A25 | AZE | AZ7 | AZE | AZS | A0 | ASL | A3Z | AL7 | AlE | A3 | AZ0 | AZL | A2Z | AZ3 | A28 | A | A8 | A1z | AL | A4 | AL | A6 | ALS |AZ | AL | A8 | &3 | |As A= | A7
a2 | A26 | AZS | AZE | AZ7 | A3D | AZS | A3z | A1 | AlE | AL7 | AZD | Al® | AZZ | A2 | A28 | AZ3 | AR | A0 | AI1 | A1z | ALS | Ala | ALS | Al | AL | Az | A3 |84 | & | As | A7 | AR
AZ7 | A27 | A2ZE | AZ6 | AS | AL | A3Z | A30 | AZ3 | ALS | AZ0 | AlE | Al7 | AZS | A2% | AZZ | AZL | ALZ | Al1 | BB | AID | A6 | AlS | AL3 | Al% | A8 | A3 | A1 | Az | |A7 | A& | A6
a2z [ A28 | AZ7 | A5 | A6 | A3Z | AL | A3 | A0 | AZD | AIS | A7 | AlE | A2% | A23 | AZL | AZ2 | ALl | ALz | AID | A3 | AIS | AlE | Al4 | A | A3 | A8 | A2 | AL | A7 |AE |4 | A5
a2s [ A2 | A30 | A3z | AL | AZE | AZS | AZ7 | AZE | AZL | AZZ | A28 | AZE | AlZ | AL7 | A3 | AZD | Als | A3 | A15 | AlE | A3 | AID | ALZ | ALL | AE | A5 | A7 | AE | AL | Az | A | A3
230 [ B30 | A2ZS | A31 | A3z | AZS | A6 | A28 | AZ7 | AZZ | AZL | A3 | A2% | AL7 | AlE | A2D | A1 | ALl | Al% | Al | Al5 | A | A3 | ALl | ALZ | A5 | A6 | A8 | &7 | Az | AL |A& | A4
A31 | A31 | A3z | A3 | A0 | AZE | AZ7 | A2 | AZS | A3 | A28 | AZL | A2z | AZ0 | AlS | AB | AI7 | AlE | A5 | A14 | Al3 | ALl | A1z | AR | A0 |AB | A7 | A8 | A5 | A2 | A% A | A2
a3z | B3z | A3L | A30 | AZ3 | AZ7 | AZE | A5 | AZ6 | AZ4 | AZ3 | AZZ | AZL | ALS | A20 | AL7 | AIE | A5 | Al6 | AI3 | Al& | ALz | ALl | A0 | A3 | A7 | AB | A5 | AE | A | AE | Az | AL
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is not right. Furthermore, from Cayley table of G, we
have a* are Ay and A,y and b* are A, Ap,, A A,
Ays, and A. There are C5 = 10 possible pairs that can
be made.

Based on the information and pattern in Cayley table,
it’s concluded that this presentation was built by more
than two generators, that is, it has 4 generators, that is
a, b, ¢, and d. The relations that can represent all ele-
ments are a* =b* = c* = d*, a* = b*,ab = ba', acd =
dca™' and bcd = dcb™'. Thus, presentation of
group G, is

P={a,b,c,d|a*=b*=c*=d* a* =b*,ab=ba™",
acd =dca™", bed = dcb™")
So, the elements of G are

e,a,b,c,d,a’, b, c?, ab,a’b, a’b, ac, a’c, a’c, ad,
a’d,a’d, be, a*be, a’be, bd, a’bd, cd, a*cd, a’cd,
abc, abd, acd, bed, abed (1)

We conclude this paper with the next theorem.

J. Comput. Theor. Nanosci. 17, 874-877, 2020
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THEOREM 3.2. Group presentation of G, is

P={a,b,c,d|a*=b*=c*=d* a*=b*,ab=ba"",
acd =dca™", bed =dcb™")

ProOF. Based on (1), it’s sufficient to prove this theorem
that all elements in G can be represented by (1).
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