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1. Introduction 
 

In comparison with a one degree of freedom structure, a 

multi degree of freedom (MDOF) structure is more 

sensitive to dynamic loads such as the wind and seismic 

excitation (Wang et al. 2015 and Salazar et al. 2016). The 

reason is that MDOF structure generally has lower stiffness 

and a less inherent damping in comparison to a single 

degree of freedom(SDOF) structures. This kind of 

structures has a number of natural frequencies each with a 

corresponding mode shape. If this structure is excited by a 

dynamic load, then it will vibrate most strongly whenever 

the excitation frequency is closest to a natural frequency. 

This resonance phenomena induce an excessive dynamic 

bending moment and generates dynamic stress at the 

structure foundation.  

Several techniques have been proposed to reduce the 

vibrations of a multi degree of freedom structure. Increasing 

the structural stiffness and damping by retrofitting the 

structure using stiffener and damping elements is one 

common method for reducing the vibration response of  

small and medium size structures (Ni 2014, Bayramoglu et  
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al. 2014 and Zhang et al. 2015). However, for a large size 

structure such as a multi storey building, this method is 

costly and not effective because it needs several large 

damper elements to be installed. 

Active vibration control methods have been proposed by 

several researchers for reducing the vibration response of 

MDOF vibration systems (Shariatmadar and Razavi 2014 

and Gong et al. 2012). These can more effectively reduce 

the structure’s response than a passive control method. 

However, there are several problems. The main problem is 

that this method needs electricity for the actuator and 

sensors to achieve good control performance. 

Application of DVAs for reducing the response of a 

vibration system has been extensively developed by many 

researchers. Some methods from many literatures are 

focused to suppress the vibration response near the 

fundamental frequency of a vibration system. Application of 

a dynamical damper with a smart element using 

piezoelectric material was studied by Yamada (2015). 

Mizuno and Araki (1993) have studied the effectiveness of 

the dynamic vibration absorber with an electromagnetic 

servomechanism. Rosdick and Ketema have used the 

thermoviscoelastic material to tune the energy dissipation of 

a dynamic vibration absorber (1998). Optimum design and 

application of non-traditional tuned mass damper toward 

the seismic response control with experimental test 

verification has studied by Xiang and Nishitani(2015). 

Application of DVA to suppress unstable vibration and 

noise caused friction studied by Rusli et al. (2015). 

Farshidianfar and Soheili (2013) used Artificial Bee Colony 

(ABC) optimization in designing a TMD for tall buildings 

with soil structure interaction. Seto et al. (2011) developed 

an adjustable pendulum-like controller for reducing the 
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vibration response of a three storey building. 

Many methods have been developed for designing a 

single-degree-of-freedom (SDOF) absorber to damp SDOF 

vibration. However, there are few studies for the case where 

both the absorber and the main system have multiple 

degrees of freedom. Optimization of multiple tuned mass 

dampers (TMD) for large-span roof structures subjected to 

wind loads has been studied by Zhou et al.(2015). Zuo and 

Nayfeh (2004) compared three optimization techniques 

using minimax, H2, and H∞   for obtaining  optimum DVA 

parameters in reducing the vibration response of a free-free 

beam system. A double dynamic vibration absorber using a 

combination of a TMD and a pendulum to reduce the 

vibration response of a two-DOF shear structure has been 

investigated (Son et al. 2016a). Son et al. (2016b) proposed 

a combination of TMD and tuned liquid column damper 

(TLCD) absorber for suppressing the vibration of a two 

DOF structure. In this research, a new type of dynamic 

vibration absorber using a double pendulum with spring and 

dashpot elements for simultaneously reducing the frequency 

response at the 1
st
 and 2

nd
 resonance peak of a Two-DOF 

shear structure is proposed. Differ from one pendulum DVA 

which can only reduce one resonance peak, two pendulums 

DVA can reduce two resonance peaks of the frequency 

response. Therefore, this technique is more effective in 

suppressing the response of a MDOF structure under wide 

excitation frequency range such as the seismic excitation. 

Firstly, the nominal values of DVA parameters are 

calculated by the Genetic Algorithm (GA) procedure. Next, 

a simulation study is conducted to evaluate the absorber 

performance as the DVA parameters such as pendulum 

masses (md1 and md2), length of pendulums (R1), the 

position of the connecting spring and dashpot(a), spring 

stiffness (kd), dashpot damping coefficient(cd) and 

pendulum damping coefficients (Cd1, Cd2) were varied. 

Finally, an experimental study is conducted to assess the 

DVA performance and validate the simulation results. 

 

 

2. Theoretical background 
 

2.1 The gverning euations 
 

The model of a two DOF shear structure with two 

pendulums is shown in Fig. 1. The pendulums are 

connected to each other by a spring and dashpot element. 

Four beam elements with fixed-fixed boundary conditions 

are used for connecting the first floor to the ground and the 

second floor. The ms1 and ms2 denote the mass of the 1
st
 and 

2
nd

 floor respectively, and md1 and md2 are the pendulum 

masses. The length of each pendulum is the distance from 

the pendulums hinges joints to the pendulum masses are 

denoted by R1 and R2, respectively. The distance of the 

connecting spring and dashpot element from the 

pendulum’s hinges joint is a. 

A two DOF spring-mass vibration system as shown in 

Fig. 2 is used to represent a simplified model of the shear 

structure. The dynamic vibration absorbers consist of two 

pendulums connected with spring and dashpot element are 

located in the second mass of the main system. In the 
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Fig. 1 Two DOF shear structure with double pendulum 
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Fig. 2 Simplified model of two DOF shear structure with 

double pendulums 

 
 
simplified model as shown in Fig. 2, the equivalent stiffness 

is calculated using the elastic theory of the beam elements 

with fixed-fixed boundary condition 

 
3

12
4 4 b b

e b

b

E I
k k                (1) 

Where kb is the stiffness of beam elements. Eb, Ib and lb are 

the beam elastic modulus, moment of inertia and length, 

respectively. The damping coefficient ce in Fig. 2 denotes 

the inherent damping of the beam elements. 

The horizontal force components due to the interaction 

between the pendulums and the second mass ms2 can be 

written as 

     1 1 1 1 2 2 1 2 1x d d dF m R x c a k a           (2) 

     2 2 2 2 2 2 1 2 1x d d dF m R x c a k a         
 
(3) 

where kd and cd are the stiffness and the damping 

coefficients of the spring and dashpot elements, which 

connect the both pendulums. When a harmonic excitation is 

applied at the base of the structure, the governing equation 

of a two DOF vibration system with two pendulums can be 

expressed by 
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or 

            M x C x K x f
        

(5) 

The damping components at each pendulum hinge joint 

are denoted by Cd1 and Cd2. The governing equation in (5) 

can be written in the modal coordinate as follows 

                     and
-1

r r rm q + c q + k q = p , q = Φ x p = Φ f  

or 

, 1,2, ,r r r r r r rm q c q k q p r N   
     

(6) 

where Φ , mr, cr and kr are the eigenvector, modal mass, 

modal damping and modal stiffness of the system, 

respectively. The frequency response function (FRF) is 

calculated as a ratio between the response signal and the 

excitation signal as given by 
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2.2 Genetic algorithm 
 

A genetic algorithm(GA) is a stochastic global search 

technique (Haupt 2004) based on the evolution theorem. 

This optimization technique can be used in a wide range of  

problems even when the function cannot be optimized 

analytically. 

In GA optimization an objective function is selected. In 

this case, the objective function is formed from the 

frequency response function of the system as given in Eq. 

(7). The main step in the GA optimization process is the 

evaluation of the objective function. The evaluation is 

performed to each chromosome in the population. The 

population is modified using the GA operators of selection, 

crossover and mutation to obtain the fittest chromosome 

according to specified criteria (Son et al. 2016a).  
 

 
3. Numerical study 
 

The nominal values of the simulation parameters are 

listed in Table 1. The nominal parameters of the pendulum 

such as R1, R2, a, cd, Cd1 and Cd2 are calculated based on the 

GA optimization procedure. In the optimization process, the 

connecting spring stiffness kd and the pendulum mass md are 

not optimized but selected manually. The optimum 

parameters of DVA are calculated by GA as follows: 

Minimize :  1 2 1 2, , , , ,d d dG R R a c C C  

Subject to : 
10.05 0.2R  ,  

20.05 0.2R  , 

0.04 0.01a   

0 0.001dc  , 
10 0.001dC  , 

20 0.001dC   

Table 1 Nominal parameters in simulation 

No Parameters Value 

1 Mass of the 1st floor (Ms1) 3.035 kg 

2 Mass of the 2nd floor (Ms2) 3.010 kg 

3 Structural stiffness (ke) 1.64×103 N/m 

4 Pendulum masses (md1 and md2) 0.2 kg 

5 Stiffness (kd) 300 N/m 

6 Damping coefficient (cd) 1×10-3 Ns/m 

7 Length of the 1st pendulum  (R1) 0.053 m 

8 Length of the 2nd pendulum  (R2) 0.058 m 

9 Position of the spring/dashpot (a) 0.035 m 

10 Pendulum damping (Cd1 and Cd2) 1×10-3 Nms 

 

 
Fig. 3 Result of point FRF at the second floor 

 

 

300dk   and 0.2dm   

Since there are two natural frequencies of the structure, two 

functions f1 and f2 corresponding to the cost function 

calculated in the regions closest to the 1
st
 and the 2

nd
 natural 

frequency are combined into a single objective function G 

(Son et al. 2016a) 

 1 21G f f    ;     [0 1]     (18) 

For the parametric study, the FRF is calculated based on 

the ratio between vibration response and the excitation 

signal in modal coordinates as given in Eq. (7). In the FRF 

calculation, modal damping of the structure for the first and 

second mode are selected to be 0.005 and 0.001, 

respectively. The nominal values of structure and DVA 

parameters as depicted in Table 1 are used in the 

simulation. The DVA parameters in Table 1 are calculated 

using Genetic Algorithm (GA) procedure. 

The structural response with and without DVA is 

depicted in Fig. 3. As shown in Fig. 3, double peaks 

occurred near the first natural frequency of the structure 

with DVA. The magnitudes of these peaks are lower than 

without DVA ones. In the region located near the second 

natural frequency of the structure, attenuation of the FRF 

peak in the model with DVA can be clearly observed. This 

is possibly caused by an additional damping factor from the 

pendulums’ hinge joints. 
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Fig. 4 Free vibration response from the simulation 

 

 

The free vibration response is calculated to investigate 

the performance of the absorber in reducing the acceleration 

response of the structure due to the initial displacement 

applied to the floor mass. Fig. 4 shows the structure 

response at the second floor for two cases; without DVA 

and using DVA. The initial displacement of the first and the 

second floor are selected to be 0.01 and 0.02 m, 

respectively. To obtain comparable results to experimental 

data, the damping coefficients of the structure and the 

pendulums’ hinge joints are selected to be ce=0.5 Ns/m and 

Cd1=Cd2=5×10
-4

 Nsm, respectively. It can be observed from 

Fig.4 that the amplitude of the acceleration response of the 

structure with DVA decreases faster than without DVA one. 

The parametric study is conducted to investigate the 

effect of variations in the parameters on DVA performance. 

The evaluation is performed on the absorber parameters 

such as the damper masses (md1, md2), the first damper mass 

position (R1), connecting spring and dashpot position(a), 

connecting spring stiffness(kd), connecting dashpot damping 

coefficient (cd) and the pendulum’s hinge joints damping 

coefficient (Cd1, Cd2). 

 

3.1 The pendulum mass variation (md1, md2) 
 

The simulation is performed by making the first and the 

second damper mass are equal (md1 = md2 = md). The damper 

masses vary from 0.1 to 2 times of the nominal value as 

depicted in Table 1. Fig. 5 shows the effect of damper mass 

variation on the FRF of the system. As shown in Fig. 5, the 

increasing of the damper mass significantly affects the 

frequency response of the system. At the first natural 

frequency region (2.2 Hz), the FRF curve changes 

drastically responding to the variations of the damper mass. 

Meanwhile, in the region closest to the second natural 

frequency (6 Hz), small difference in the FRF peaks is 

detected when the damper mass is varied from 0.1 to 2 

times the nominal value. 

 

3.2 The pendulum length (R1)  
 

Fig. 6 shows the effect of the first pendulum length (R1) 

to the FRF of the system. In this simulation, the pendulum 

length is varied from 1 to 1.8 times of its nominal value. As 

 
Fig. 5 Variation of FRF vs damper mass weight 

 

 
Fig. 6 Variation of FRF vs R1 

 

 
Fig. 7 Variation of FRF vs a 

 

 

can be shown in Fig. 6, variations of R1 significantly change 

the FRF peak position near to the first natural frequency of 

the system. However, the FRF peaks of the second natural 

frequency are not much affected by the pendulum length as 

shown in Fig. 6. 

 

3.3 The connecting spring and dashpot position(a)  
 

The connecting spring and dashpot position (a) is 

measured from the pendulum’s hinge joint as shown in Fig. 

1. To investigate the effect of connecting spring and dashpot 
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position, the simulation of FRF using several spring and 

dashpot positions is conducted. The variation range of a is 

0.6 anom≤a≤1.4 anom where anom is the nominal value of a as 

shown in Table 1. Fig. 7 shows that FRF of the system near 

the first natural frequency (2.2 Hz) is not much affected by 

variation of the spring and dashpot position. However, some 

changes in magnitude in the FRF peak near to the second 

natural frequency (6 Hz) are observed when the spring and 

dashpot position is varied from 0.6 to 1.4 times of its 

nominal value. 

 

3.4 The connecting spring stiffness (kd)  
 

The connecting spring stiffness then is varied according 

to 0.5 kdnom≤kd≤8 kdnom as depicted in Fig. 8. As shown in 

Fig. 8, the FRF curves change very little when the spring 

stiffness is varied from 0.5 to 8 times of its nominal value. 

Furthermore, in the region closest to the second natural 

frequency (6 Hz), only slight changes in FRF level are 

detected for different values of kd. 

 
3.5 The connecting dashpot damping coefficient (cd)  

 
Fig. 9 shows variations in the FRF of the system versus 

the damping coefficient cd. In the simulation, the damping 

coefficient is varied within the range of cdnom≤cd≤16cdnom. 

The FRF curve is almost equal when the damping 

coefficient is increased up to 16 times of its nominal value. 

These results indicate that the damping coefficient cd has no 

significant role in pendulum type of DVA design. 

 

 

 
Fig. 8 Variation of FRF vs kd 

 

  
Fig. 9 Variation of FRF vs cd 

3.6 The Pendulum damping coefficient (Cd1,Cd2)  
 

Moreover, to investigate the effect of pendulum’s hinge 

joints damping coefficient, the values of Cd1 and Cd2 then 

are varied. The left and the right pendulum damping 

coefficient are assumed to be same (Cd1=Cd2=Cd). Fig. 10 

shows the relation between the system FRF and the 

damping coefficient of the pendulum’s hinge joints. It is 

shown that the pendulum’s hinge joint damping coefficients 

have a significant role in reducing the FRF peaks and 

become an important factor in pendulum type DVA design. 

The increasing of the pendulums’ damping coefficient 

reduces the magnitude of the FRF peak near the resonance 

frequency (2.2 Hz and 6 Hz). 

 
3.7 Time domain analysis under seismic excitation  
 

The attenuation of the acceleration response due to the 

addition of the pendulum damping coefficient is not 

investigated only when the structure is excited by a 

harmonic excitation, but also observed in the time domain. 

Fig. 11 shows the acceleration response of the structure 

under a seismic excitation that matching of the El-Centro 

earthquake at the base of the structure. It can be observed 

that increasing the pendulum damping coefficient causes 

the reduction in the acceleration response of the structure. 

 

 

 
Fig. 10 Variation of FRF vs Cd 

 

 
Fig. 11 Acceleration response under El-Centro 

earthquake excitation 
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Fig. 12 Displacement response under El-Centro 

earthquake excitation 

 

 
Fig. 13 Maximum displacement and acceleration ratio vs Cd 

 

 

The displacement response at the second floor 

calculated by numerical simulation using different values of 

the pendulum damping coefficient is depicted in Fig. 12. It 

is shown that the displacement response decreases when the 

damping coefficient increases four times of its nominal 

values. However, when the damping coefficient is 16 times 

of its nominal value, the displacement response increases 

more than that original one. This result indicates that the 

application of large damping coefficient is not an effective 

way for reducing the displacement response of the structure. 

The relation between the maximum displacement ratio 

and the maximum acceleration ratio to the pendulum 

damping coefficient is depicted in Fig. 13. The 

displacement and acceleration ratio are the ratio between 

the maximum structure response with and without the 

absorber. The optimum condition for the pendulum 

damping coefficient is located near to Cd=2Cdnom. 

 
 
4. Experimental study 

 

The experimental model of DVA consists of two rigid 

beams as the pendulum bars that have a guide hole which is 

used to change the position of the pendulum mass and a  

 
Fig. 14 Experimental model 

 

 

connecting spring as shown in Fig. 14. The length of the 

guide hole is 0.2 m. Theoretically, the pendulum length and 

the spring position can be adjusted from 0 to 0.2 m. 

However, because of some technical limitations regarding 

to the dimension of the pendulum mass and connecting 

spring, the minimum position of the connecting spring and 

the pendulum length are 0.015 m and 0.03 m, respectively. 

The damping coefficient of the pendulums and the 

connecting dashpot are not adjusted during the experimental 

study. The weight of the pendulum mass is 0.2 kg, which is 

the same as the nominal pendulum mass as shown in Table 

1. The pendulum length and the spring position are adjusted 

around the nominal position as depicted in Table 1. 

The experimental study is conducted using the National 

Instrument data acquisition system. The acceleration data 

are measured using an ICP piezoelectric accelerometer. For 

the frequency response function (FRF) measurement, the 

impact excitation is applied using an Impact hammer. Point 

FRF measurement is used to validate the simulation data. In 

this case, the accelerometer position and the excitation point 

of the impact hammer is located on the second floor of the 

structure. 

Fig. 15 shows the experimental result of FRF without 

the DVA. It can be observed that the level of experiment 

resonance peaks at 2 Hz and 6 Hz are lower than those 

obtained in simulations as shown in Fig. 3. This possibly 

due to the fact that the minimum frequency line used for 

FRF calculation in the experiment was limited to 0.25 Hz. 

Therefore, the peak resonances are lower than those 

obtained in the simulation. 

Fig. 16 shows some point FRFs measured at the second 

floor of the structure with DVA. These FRFs are obtained 

using different pendulum lengths (R1 and R2). It can be seen 

that the experimental results are matched with those 

obtained by the simulations. Because the pendulum 

damping effects are negligible and kept constant during the 

experiment, there is no significant change in the resonance 

peak in the second natural frequency. 

Furthermore, Fig. 16 shows that double peaks occur 
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Fig. 15 FRF structure without DVA at the second floor 

 

 
(a) R1=R2=6 cm 

 
(b) R1=R2=6.5 cm 

 
(c) R1=R2=8 cm 

Fig. 16 Experimental results of point FRF at the 

second floor 

 
(d) R1=R2=10 cm 

Fig. 16 Continued 

 

 
Fig. 17 Free vibration response from the experiment 

 

 

near to the first natural frequency of the structure. These 

two peaks level change with the length of the pendulums 

and have the same level when the both pendulums lengths 

are 8 cm. These results are slightly different from the 

nominal pendulum length used in the simulation. The 

difference may be caused by the addition of mass from the 

pendulum bars in the experiment which is not considered in 

the numerical simulation. 

Moreover, a comparison of free vibration responses of 

the structure at the second floor between without DVA and 

with DVA is shown in Fig. 17. The initial displacements of 

the first and the second floor in the experimental study is 

selected to be the same as those used in the simulation. The 

pendulums are both 8 cm lengths. The experimental result 

agrees very well with the numerical simulation result as 

shown in Fig. 4. 

 

 
5. Conclusions 
 

This study investigates the properties of a new type of 

dynamic vibration absorber using a double pendulum 

connected with spring and dashpot element to reduce the 

vibration response of a two DOF vibration system. A 

mathematical model of the structure with the dynamic 
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absorber is derived and a parametric study is performed to 

evaluate the effect of the DVA parameters to its 

performance. It is found that the pendulum length (R1, R2), 

mass (md) and the pendulum damping coefficient (Cd1, Cd2) 

significantly affects the DVA performance, but the 

connecting spring stiffness (kd), the damping coefficient of 

the dashpot (cd), and the spring position (a) give no 

influence to reduce the vibration response. The 

experimental study assesses the DVA performance. The 

experimental study assessed the DVA performance. The 

experimental results agree very well with the results of 

those obtained in the simulations indicating the validity of 

the simulation and the GA optimization solutions obtained. 
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